Abstract. In this article, by mathematical induction and properties of the generalized weighted mean values, some general Steffensen pairs are established.
Introduction
Let f and g be integrable functions on [a, b] such that f is decreasing and 0 g(x) 1 for
where λ = b a g(x)dx.
The inequality (1) is called Steffensen's inequality in [3, 8] .
In [1] , its discrete analogue of the inequality (1) was proved: Let {x i } n i=1 be a decreasing finite sequence of nonnegative real numbers, {y i } n i=1 be a finite sequence of real numbers such that 0 y i 1 for 1 i n. Let k 1 , k 2 ∈ {1, 2, . . . , n} be such that k 2
As a direct consequence of inequality (2), we obtain:
be a finite sequence of nonnegative real numbers such that
, where A and B are positive real
whose sum is not less than B.
From above results, the so-called Steffensen pair was defined in [2] by Dr. H. Gauchman as follows:
be a finite sequence of real numbers such that x i c for all i, A and B be positive real numbers,
whose sum is not less than B, then we call (ϕ, τ ) a Steffensen pair on [c, ∞).
In [1] and [2] , the following Steffensen pairs were found:
It was verified in [5] that: Let a and b be real numbers satisfying b > a > 1 or b > a −1 > 1, and
is a Steffensen pair on [1, +∞). If a and b are real numbers satisfying b > a > 1 and
are Steffensen pairs on [1, +∞) for any positive integer n.
In this article, we will establish more general Steffensen pairs, that is 
holds, then
is a Steffensen pair on [1, +∞).
(ii) If f (u) 1 and inequality (5) holds, then
Remark 1. This theorem generalizes the Proposition 2 in [2] and the related results in [5] . It is clear [4, 7] that, if
that is, h(t) is an absolutely monotonic function, see [3, 4] .
By the Cauchy-Schwarz-Buniakowski inequality, it is easy to obtain 
M (r, s; a, a) = f (a).
From the Cauchy-Schwarz-Buniakowski inequality again and standard argument, we have 
then we have
Proof. By Lemma 3, the mean values
are increasing with respect to x and y, then the function
is increasing with x for fixed y 0. Therefore
Hence, the inequality
holds for all x and all y 0.
Note that the inequality (15) can also be obtained from the Lemma in [6] .
Taking x = 0 in inequality (15), we obtain
for all y 0, and
Since inequality (13) means that h (0) h(0), thus h (y) h(y) for all y 0.
By mathematical induction, assume that h (n+1) (x) h (n) (x) for n 2 and x 0. Then, from
Lemma 2, we obtain
therefore
The proof is completed.
New Steffensen Pairs
Now we give a proof of Theorem 1.
Set ψ(x) = h (n) (ln x) for x 1 and n 0. Direct computation yields that ψ (x) =
0. Hence ψ(x) is increasing and convex.
Since f (u) 1, for n 1, by Lemma 3, we have
Therefore, for x, y 1,
du for x 1 and n 1, are Steffensen pairs on [1, +∞) for any given n 1.
For n = 0, by Lemma 3, we have The proof is complete.
